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Entangled superfluids: condensate dynamics of the entangled Bose-Einstein
condensation
Yu Shi∗
Department of Physics, Fudan University, Shanghai 200433, China
We study the condensate dynamics of the so-called entangled Bose-Einstein condensation (EBEC),
which is the ground state of a mixture of two species of pseudospin- 1
2
atoms with interspecies spin-
exchange scattering in certain parameter regimes. EBEC leads to four inter-dependent superfluid
components, each corresponding to the orbital wave function associated with a spin component of
a species. The four superflows have various counter-relations, and altogether lead to a conserved
total supercurrent and a conserved total spin supercurrent. In the homogenous case, we also obtain
the elementary excitations due to variations of the single-particle orbital wave functions, by exactly
solving the generalized time-dependent Bogoliubov equations. There are three gapless Bogoliubov
modes and one Klein-Gordon-like gapped mode. The origin of these excitations are also discussed
from the perspective of spontaneous breaking of the symmetries possessed by the system.
PACS numbers: 03.75.Mn, 03.75.Gg
I. INTRODUCTION
Bose-Einstein condensation (BEC) amplifies quantum mechanical behavior of individual particles into macroscopic
quantum phases. In the simplest case, BEC occurs in a single-particle spatial or orbital state. Quantum features
are more pronounced when there are additional degrees of freedom. For example, BEC occurring in a superposed
single particle state leads to Josephson effect [1], while BEC of atoms with spin degree of freedom leads to a spinor
condensate [2]. For spin F = 1, in a mean field state [3, 4], which is exact for a gas with ferromagnetic spin exchange,
BEC occurs in a single-particle superposition of the thee hyperfine states. On the other hand, in the exact ground state
for a spin-1 gas with antiferromagnetic spin exchange [4–7], BEC occurs in a superposition of two-particle state. As a
further development in this perspective, the so-called entangled BEC (EBEC), i.e. BEC occurring in an interspecies
entangled two-particle state, amplifies entanglement of individual distinguishable particles into a macroscopic phase
of a many-particle systems [8]. EBEC was found to be the ground state of a mixture of two species of pseudospin- 12
atoms in a considerable parameter regime [9, 10]. It is entirely different from the two-component BEC, which occurs
in a gas of two kinds of atoms distinguished by only one degree of freedom [4, 11], whose ground state is simply a
direct product of the states of the two kinds of atoms, each separately undergoing BEC. Just like the simplest BEC
may be a source of coherent atoms, EBEC could be a source of entangled atom pairs.
EBEC, in the case where the total number of atoms of each species is equal to N , refers to the many-body ground
state
|G0〉 = 1√
N + 1N !
(a†↑b
†
↓ − a†↓b†↑)N |0〉, (1)
where aσ and bσ are, respectively, the annihilation operators of the two species a and b for pseudospin σ (σ =↑, ↓).
In |G0〉, BEC occurs in a two-particle state of a maximally entangled interspecies pair
η(ra, rb) =
1√
2
[φa↑(ra)| ↑〉aφb↓(rb)| ↓〉b − φa↓(ra)| ↓〉aφb↑(rb)| ↑〉b], (2)
and is thus called EBEC or BEC with an entangled order parameter η(ra, rb). Here φασ (α = a, b, σ =↑, ↓) is the
single-particle orbital wave function for each spin state of an atom of each species. In the most general case, spin
dependence of the potential Uασ and the scattering lengths, which determine the orbital wave functions, lead to a
kind of spin-orbit coupling. Consequently, φα↑ 6= φα↓, hence spin and orbital parts in η(ra, rb) cannot be factorized
as an orbital part and a spin part, i.e. there exists spin-orbit “entanglement” in η. If, however, φα↑ = φα↓ = φα, as
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2in the case where they are dominantly determined by the spin-independent part of the Hamiltonian, then η(ra, rb) =
φa(ra)φb(rb)
1√
2
(| ↑〉a| ↓〉b− | ↓〉a| ↑〉b), i.e. spin and orbit become disentangled, as in the usual consideration in SU(2)
model spin-1 model, consequently, the entanglement between a-atom and b-atom becomes entirely spin entanglement.
A state analogous to |G0〉 appears in a SU(2) symmetric model of a single species of pseudospin- 12 atoms [6, 7],
with the role of the two different species played by the single-particle orbital ground state and the first excited state
of a single species of atoms. But there are also differences: (i) In the SU(2) model, the number of atoms in the two
single-particle orbital states are not conserved, but are fixed by a measurement or controlled by a microcanonical
distribution, while in EBEC the number of atoms in the two species are strictly conserved. (ii) In the SU(2) model,
in which there is only a single species, the occupation of two orbital modes, rather than a single mode, is due to
the constraint of spin conservation in the cooling process, which could be compromised as the collision rate during
the evaporative cooling might depend on hyperfine spins, and there could be atom loss. In EBEC, in contrast, two
distinguishable species can have small total spin, as distinguishable atoms are not subject to the constraint of Bose
symmetry, consequently all the atoms of each species can occupy the lowest orbital modes. (iii) In the SU(2) model,
the analog of |G0〉 is not the true ground state of the system. In EBEC, |G0〉 is the true ground state. (iv) In the
SU(2) model, the orbital identity of atoms, unlike different species, and the correlation between identical particles in
the two orbital modes, unlike the entanglement between atoms of different species, are lost after the atoms are taken
out of the trap.
An important open issue about EBEC is its condensate dynamics, i.e. superfluid behavior determined by the orbital
wave functions and elementary excitations due to the fluctuations of the orbital wave functions. In this article, under
the presumption that EBEC exists, we study the condensate dynamics of EBEC, based on a generalized version of the
time-dependent Gross-Pitaevskii (GP) equations. EBEC leads to four inter-dependent components of the superfluid
with a few counter-relations between each other. We also study the elementary excitations by exactly solving a set of
generalized version of the Bogoliubov equations, as well as from the perspective of symmetry breaking.
II. HAMILTONIAN AND THE GENERALIZED GROSS-PITAEVSKII EQUATIONS
Consider a dilute gas of two species of atoms in a trap. Each atom has an internal degree of freedom represented
as a pseudospin- 12 . The field theoretic Hamiltonian is
H =
∑
ασ
∫
d3rψ†ασhασψασ +
1
2
∑
ασσ′
g
(αα)
σσ′
∫
d3rψ†ασψ
†
ασ′ψασ′ψασ +Hab, (3)
with
Hab =
∑
σσ′
g
(ab)
σσ′
∫
d3rψ†aσψ
†
bσ′ψbσ′ψaσ + ge
∫
d3r(ψ†a↑ψ
†
b↓ψb↑ψa↓ + ψ
†
a↓ψ
†
b↑ψb↓ψa↑), (4)
where α = a, b represents the two species, σ =↑, ↓ represents the two basis states of the pseudospin- 12 , hασ =
−h¯2∇2α/2mα + Uασ is the single particle Hamiltonian, ψασ is the field operator of species α. The coefficients g’s are
shorthands for g
(αβ)
σ1σ2σ3σ4 ≡ (2πh¯2ξ(αβ)σ1σ2σ3σ4/µαβ), where ξ(αβ)σ1σ2σ3σ4 is the scattering length for the scattering in which
an α-atom flips from σ4 to σ1 while an β-atom flips from σ3 to σ2, µαβ = mαmβ/(mα +mβ) is the effective mass.
For scattering lengths, we use the shorthands ξ
(αα)
σσ ≡ ξ(αα)σσσσ , ξ(αα)σσ¯ ≡ 2ξ(αα)σσ¯σ¯σ = 2ξ(αα)σσ¯σσ¯ for σ 6= σ¯ [1], ξ(ab)σσ′ ≡ ξ(ab)σσ′σ′σ,
ξ
(ab)
e = ξ
(ab)
↑↓↑↓ = ξ
(ab)
↓↑↓↑ [12]. Correspondingly g
(αβ)
σσ′ ≡ 2πh¯2ξ(αβ)σσ′ /µαβ , that is, g(αα)σσ ≡ g(αα)σσσσ , g(αα)σσ¯ ≡ 2g(αα)σσ¯σ¯σ = 2g(αα)σ¯σσσ¯
for σ 6= σ¯, g(ab)σσ′ ≡ g(ab)σσ′σ′σ, ge ≡ g(ab)↑↓↑↓ = g(ab)↓↑↓↑ [12].
Under the single orbital mode approximation for each species, for each atom of species α (α = a, b) and pseudospin
σ (σ =↑, ↓), only the single-particle spatial ground state φασ(r) is occupied. Therefore ψα = ασφασ, where ασ
is the annihilation operator corresponding to the single-particle orbital wave function φασ. Then the many-body
Hamiltonian can be simplified as
H =
∑
α,σ
fασNασ +
1
2
∑
α,σσ′
K
(αα)
σσ′ NασNασ′ +
∑
σσ′
K
(ab)
σσ′ NaσNbσ′ +Ke(a
†
↑a↓b
†
↓b↑ + a
†
↓a↑b
†
↑b↓), (5)
where Nασ = α
†
σασ. The total number of atoms of each species Nα = Nα↑ +Nα↓ is conserved. The coefficients K’s
are shorthands for
K(αβ)σ1σ2σ3σ4 ≡ g(αβ)σ1σ2σ3σ4
∫
φ∗ασ1(r)φ
∗
βσ2 (r)φβσ3 (r)φασ4 (r)d
3r, (6)
3that is, K
(αα)
σσ ≡ K(αα)σσσσ , K(αα)σσ¯ ≡ 2K(αα)σσ¯σ¯σ = 2K(αα)σ¯σσσ¯ for σ 6= σ¯, K(ab)σσ′ ≡ K(ab)σσ′σ′σ, Ke ≡ K(ab)↑↓↑↓ = K(ab)↓↑↓↑ [12].
fασ ≡ ǫασ −K(αα)σσ /2, where ǫασ =
∫
φ∗ασhασφασd
3r is the single-particle energy.
When Na = Nb, the ground state is exactly |G0〉, under the following conditions, which ensure consistency of
simplifying the Hamiltonian to that of isotropic Heisenberg coupling between two giant spins representing the two
species: (i) Uα↑(r) = Uα↓(r) = Uα(r). (ii) The intraspecies scattering lengths satisfy ξ
(αα)
σσ¯ = ξ
(αα)
σσ = ξα [13]. (iii)
The interspecies scattering lengths satisfy the relations ξ
(ab)
↑↑ = ξ
(ab)
↓↓ , denoted as ξ
(ab)
s , and ξ
(ab)
↑↓ = ξ
(ab)
↓↑ , denoted as
ξ
(ab)
d , where the subscripts “s” and “d” stand for “same” and “different”, respectively. (iv) ξ
(ab)
e = ξ
(ab)
s −ξ(ab)d . Under
these conditions, µα↑ = µα↓, φα↑ = φα↓ in the many-body ground state. The four wave functions φασ’s, of which
the condensate wave function η is built on, satisfy four generalized GP equations. It has also been shown that in a
considerable parameter regime, the ground state approaches |G0〉. The conditions (i) and (ii) are also satisfied in the
SU(2) symmetric model of a single species of pseudospin- 12 atoms.
In the thermodynamic limit, the energetic advantage of EBEC is lost to the stability of simple BEC, like other
fragmented BEC. Hence EBEC should be realized in a mesoscopic scale with a finite number of atoms and a finite
volume. We can obtain upper bounds on the number of atoms as the following. According to previous discussions [10],
the effect of symmetry-breaking perturbation, which causes the ground state to deviate from EBEC, tends to diminish
when the volume remains finite while ∆ < 2Ke [12], where ∆ is the energy gap of the perturbed Hamiltonian, and is
given by ∆ =
√
4Ked, where d ≡ |Jz−2Ke−Ca−Cb|N2+ |Bb−Ba|N , N = (Na+Nb)/2, where Jz = K(ab)↑↑ +K(ab)↓↓ −
K
(ab)
↑↓ −K(ab)↓↑ , Ba = fa↑−fa↓+Na2 (K
(aa)
↑↑ −K(aa)↓↓ )+Nb2 (K
(ab)
↑↑ +K
(ab)
↑↓ −K(ab)↓↑ −K(ab)↓↓ ), Bb = fb↑−fb↓+Nb2 (K
(bb)
↑↑ −K(bb)↓↓ )+
Na
2 (K
(ab)
↑↑ +K
(ab)
↓↑ −K(ab)↑↓ −K(ab)↓↓ ), with fασ = ǫασ−Kαασσ , Cα = 12 (K
(αα)
↑↑ +K
(αα)
↓↓ −K(αα)↑↓ −K(αα)↓↑ ), (α = a, b). Under
the conditions given in the above paragraph, ∆ → 0, hence EBEC is indeed the ground state. With deviation from
these conditions, we may use the requirement ∆ < 2Ke, i.e. d < Ke, to derive a constraint on N for the occurrence
of EBEC, which turns out to be N < (
√
|Bb −Ba|2 +Ke|Jz − 2Ke − Ca − Cb| − |Bb−Ba|)/(2|Jz − 2Ke−Ca−Cb|).
Furthermore, a necessary condition for EBEC to occur is that kBT < E1−E0, where E1 and E0 are the energy of the
first excited and the EBEC ground states. E1 −E0 ≈ 2Ke. According to (6), Ke = ge
∫
φ∗a↑(r)φ
∗
b↓(r)φb↑(r)φa↓(r)d
3r.
To make a rough estimation using uniform wave functions, we haveKe = ge/Ω, where Ω is the volume of the gas. Hence
we should have T < 2ge/kBΩ. Alternatively, for atoms in a trap, we may roughly assume φασ ≈ (mωpih¯ )3/4 exp(−mωr
2
2h¯ ),
where it is assumed that the atoms of both species have equal mass, and that the trap is isotropic with frequency ω.
Then Ke ≈ ge
√
mω/(2πh¯). Hence we have T < (ge/kB)
√
2mω/(πh¯). BEC transition temperature can be roughly
estimated using one component of the gas with particle number N/2 [10]. Hence Tc ≈ 3.31h¯2(N/Ω)2/3/m for a
uniform gas or Tc ≈ 0.94h¯ωN1/3 for a trapped gas. Moreover, combining the estimation of Tc with the result derived
from kBT < E1−E0, we obtain a further constraint on N , namely N < (2gem)3/2/[(3.31h¯2kB)3/2Ω1/2] for a uniform
gas, or N < (2ge)
3m3/2/[k3B(2πω)
3/2h¯9/2] for a trapped gas.
EBECmight be experimentally realizable by using two species of spin-1 alkali atoms in an optical trap with hyperfine
states constrained in a two-dimensional subspace of | ↑〉 ≡ |F = 2,mF = 2〉 and | ↓〉 ≡ |F = 1,mF = 1〉 [10]. In
order that the spin-exchange scattering is energetically guaranteed, we should have ǫa↑ − ǫa↓ = ǫb↑ − ǫb↓ [9], where
ǫασ (α = a, b) is the single particle energy. However, for two different species of alkali atoms, the hyperfine splitting is
different. A method of overcoming this difficulty is to apply a magnetic field such that ǫα↑−ǫα↓, which is now the sum
of the hyperfine splitting Aα plus the difference in Zeeman shift of the two hyperfine states (2gα,F=2−gα,F=1)µBB, is
the same for the two species. For an alkali atom, gα,F = [F (F +1)+J(J +1)− Iα(Iα+1)]/F (F +1), where J = 1/2,
Iα is the nuclear spin of species α. Consider species a to be
87Rb while species b to be 85Rb. Then Aa = 6835MHz,
Ab = 3036MHz, Ia = 3/2, and Ib = 5/2 [4]. It can be estimated that B = 0.325T .
If EBEC exists, then what about its physical properties? Here we focus on its orbital dynamics, which is determined
by the generalized time-dependent GP equation
ih¯
∂φασ(r)
∂t
= {− h¯
2
2mα
∇2 + Uα(r) + 2(N − 1)
3
g(αα)σσ |φασ(r)|2 +
N − 1
3
g
(αα)
σσ¯ |φασ¯(r)|2
+
N − 1
3
g(αα¯)σσ |φα¯σ(r)|2 +
2N + 1
3
g
(αα¯)
σσ¯ |φα¯σ¯(r)|2}φασ(r)
−N + 2
3
geφ
∗
α¯σ¯(r)φα¯σ(r)φασ¯(r),
(7)
where α¯ 6= α represents the species other than species α, and σ¯ 6= σ represents the pseudospin opposite to σ.
These time-dependent GP equations can be obtained from the static GP equations [9], by replacing µασ as ih¯∂/∂t,
and can also be justified by using the action principle
δ
∫ t2
t1
Ldt = 0, (8)
4where
L =
∫
dr{(ih¯/2)
∑
ασ
(φ∗ασ∂φασ/∂t− φασ∂φ∗ασ/∂t)− 〈G0|H|G0〉} (9)
is the Lagrangian functional for |G0〉. The static GP-like equations have been obtained minimization of the energy
functional under |G0〉. This self-consistent determination of the equation of motion of the orbital wave function actually
underlies the derivation of the simplest GP equation, for which the many-body ground state is (1/
√
N !)(a†)N |0〉. This
methodology has also been used, e.g., by Ashhab and Leggett in studying the SU(2) model [7].
In studying the orbital dynamics of the simplest BEC, it is assumed that the system remains in BEC though the
condensate wave function is time-dependent. Likewise, in the present case of EBEC, the generalized time-dependent
GP equations (7) presumes that the system remains in the many-body ground states in the form of |G0〉, though
the corresponding orbital wave functions φασ is time dependent. In other words, the system remains as BEC though
the orbital wave functions are time dependent. It is this kind of dynamics that corresponds to superfluidity and is
considered here.
III. SUPERCURRENTS AND SPIN SUPERCURRENTS
The number density of species α with pseudospin σ is
nασ = (N/2)φ
∗
ασφασ, (10)
while the supercurrent is
Jασ =
h¯
2mi
N
2
(φ∗ασ∇φασ −∇φ∗ασφασ) = nασvασ, (11)
where vασ is the superfluid velocity of species α of pseudospin σ.
From the generalized time-dependent GP equation (7), we obtain
∂nασ(r, t)
∂t
+∇ · Jασ(r, t) = Sασ, (12)
with
Saσ = −Sbσ = −Saσ¯ = Sbσ¯ = −2(N + 2)ge
3h¯
Im(φ∗bσ¯φbσφaσ¯φ
∗
aσ), (13)
which is due to interspecies spin-exchange and acts as a source. Thus the supercurrent is not conserved individually in
each pseudospin component of each species. Equation (13) indicates the counter relations between the two pseudospin
components of a same species, as well as those between two components with a same pseudospin and of two different
species.
The total supercurrent of each species is conserved:
∂(nα↑ + nα↓)
∂t
+∇ · (Jα↑ + Jα↓) = 0. (14)
So is the total supercurrent for each pseudospin,
∂(naσ + nbσ)
∂t
+∇ · (Jaσ + Jbσ) = 0. (15)
Of course, the total supercurrent of the four components is conserved:
∂
∂t
∑
α,σ
nασ +∇ ·
∑
α,σ
Jασ = 0. (16)
Furthermore, we can also define spin density and spin supercurrent for each species,
nsα = mF (α, ↑)nα↑ +mF (α, ↓)nα↓, (17)
5Jsα = mF (α, ↑)Jα↑ +mF (α, ↓)Jα↓, (18)
where mF (α, σ) denotes the hyperfine z component represented by pseudospin σ for species α.
The spin supercurrent of each species is not conserved:
∂nsα
∂t
+∇ · Jsα = [(mF (α, ↑)−mF (α, ↓)]Sα↑. (19)
If mF (a, σ) = mF (b, σ), then the total spin supercurrent of the two species is conserved,
∂(nsa + n
s
b)
∂t
+∇ · (Jsa + Jsb ) = 0. (20)
Thus we have a conserved total supercurrent as well as a conserved total spin supercurrent.
IV. HYDRODYNAMICS
In parallel to some discussions in Ref. [4], here we derive some hydrodynamic equations from the generalized GP
equations. Our discussion is restricted to zero temperature, hence does not require thermodynamic limit and also
applies to a finite system in a trap.
With φασ = fασe
iΦασ , where the phase Φασ is not singular, Eq. (7) yields
∂f2ασ
∂t
= − h¯
mα
∇ · (f2ασ∇Φασ)−
2(N + 2)ge
3h¯
fασfασ¯fα¯σfα¯σ¯ sin(Φα¯σ¯ +Φασ − Φα¯σ − Φασ¯), (21)
which is just the continuity equation expressed in terms of amplitudes and phases, and
−h¯∂Φασ
∂t
= − h¯
2
2mαfασ
∇2fασ + mα
2
v2ασ + Uασ +
2(N − 1)
3
g(αα)σσ f
2
ασ+
(N − 1)
3
g
(αα)
σσ¯ f
2
ασ¯ +
N − 1
3
g(αα¯)σσ f
2
α¯σ +
2N + 1
3
g
(αα¯)
σσ¯ f
2
α¯σ¯
−N + 2
3
ge
fα¯σ¯fα¯σfασ¯
fασ
cos(Φα¯σ +Φασ¯ − Φα¯σ¯ − Φασ).
(22)
According to (11),
vασ =
h¯
m
∇Φασ, (23)
hence the gradient of (22) becomes
mα
∂vασ
∂t
= −∇(µ˜ασ + 1
2
mαv
2
ασ), (24)
where µ˜ασ = − h¯22mα√nασ∇2
√
nασ+Uασ+
2(N−1)
3 g
(αα)
σσ nασ+
(N−1)
3 g
(αα)
σσ¯ nασ¯+
(N−1)
3 g
(αα¯)
σσ nα¯σ+
(2N+1)
3 g
(αα¯)
σσ¯ nα¯σ¯+V
(e)
ασ ,
where the third to sixth terms on right-hand side are mean-field interaction energies due to scattering without spin
exchange, while
V (e)ασ =
N + 2
3
ge
√
nα¯σ¯nα¯σnασ¯
nασ
cos(Φα¯σ +Φασ¯ − Φα¯σ¯ − Φασ) (25)
is due to spin exchange scattering. ∇V eασ = [(N + 2)/3]ge(∇
√
nα¯σ¯nα¯σnασ¯/nασ) cos(Φα¯σ + Φασ¯ − Φα¯σ¯ − Φασ) −
[(N + 2)/(3h¯)]ge
√
nα¯σ¯nα¯σnασ¯/nασ sin(Φα¯σ + Φασ¯ − Φα¯σ¯ − Φασ)[mα¯(vα¯σ − vα¯σ¯) − mα(vασ − vασ¯)], implying the
inter-dependence between superfluid velocities of different components.
It is interesting that with the spin-exchange term, Eq. (22) can still be written as a generalized Josephson relation
∂Φασ
∂t
= − 1
h¯
δE
δnασ
, (26)
where
E = Ea + Eb + Eab, (27)
6with
Eα =
N
2
∫
dr{
∑
σ
[
h¯2
2mα
|∇φασ |2 + Uασ + N − 1
3
g(αα)σσ |φασ|4] +
N − 1
3
g
(αα)
↑↓ |φα↑|2|φα↓|2}, (28)
Eab =
N
2
∫
dr{
∑
σ
[
N − 1
3
g(ab)σσ |φaσ |2|φbσ|2 +
2N + 1
3
g
(ab)
σσ¯ |φaσ |2|φbσ¯|2]
−N + 2
3
ge(φ
∗
b↓φb↑φ
∗
a↑φa↓ + φ
∗
a↓φa↑φ
∗
b↑φb↓)},
(29)
In case Φασ is independent of position or time, this leads to time-independent GP equations.
Like the usual condensate, Eq. (24) can be expressed in terms of pressure,
∂vασ
∂t
= − 1
mαnασ
∇Pασ −∇(v
2
ασ
2
) +
1
mα
∇( h¯
2
2mα
√
nασ
∇2√nασ)− 1
mα
∇Uασ, (30)
where pressure Pασ is related to chemical potential through
dPασ = nασdµ
′
ασ , (31)
where µ′ασ = µ˜ασ − Uασ. µ′ασ and thus Pασ are contributed by interspecies spin-exchange scattering.
V. ELEMENTARY EXCITATIONS
The variation δφασ , away from φασ in the ground state, satisfies the equation
ih¯
∂
∂t
δφασ = (− h¯
2
2mα
∇2 + Uασ)δφασ + 4(N − 1)
3
g(αα)σσ |φασ|2δφασ +
2(N − 1)
3
g(αα)σσ φ
2
ασδφ
∗
ασ
+
(N − 1)
3
g
(αα)
σσ¯ |φασ¯|2δφασ +
(N − 1)
3
g
(αα)
σσ¯ φ
∗
ασ¯φασδφασ¯ +
(N − 1)
3
g
(αα)
σσ¯ φασ¯φασδφ
∗
ασ¯
+
(N − 1)
3
gαα¯σσ |φα¯σ|2δφασ +
(N − 1)
3
gαα¯σσφ
∗
α¯σφασδφα¯σ +
(N − 1)
3
gαα¯σσφα¯σφασδφ
∗
α¯σ
+
(2N + 1)
3
g
(αα¯)
σσ¯ |φα¯σ¯|2δφασ +
(2N + 1)
3
g
(αα¯)
σσ¯ φ
∗
α¯σ¯φασδφα¯σ¯ +
(2N + 1)
3
g
(αα¯)
σσ¯ φα¯σ¯φασδφ
∗
α¯σ¯
− (N + 2)
3
geφα¯σφασ¯δφ
∗
α¯σ¯ −
(N + 2)
3
geφ
∗
α¯σ¯φaσ¯δφα¯σ −
(N + 2)
3
geφ
∗
α¯σ¯φα¯σδφασ¯ ,
(32)
where φασ refers to orbital wave functions in the ground state.
For simplicity, here we only consider a homogeneous system, i.e. Uασ = 0. It is reasonable to suppose that
a trapping potential Uασ would not change the essential physics. Furthermore, we assume the above-mentioned
conditions g
(αα)
σσ = g
(αα)
σσ¯ = gα, g
(ab)
σσ = gs, and g
(ab)
σσ¯ = gd. Then the chemical potentials µα↑ = µα↓, which is equal to
µα =
N − 1
Ω
gα +
N − 1
3Ω
gs +
2N + 1
3Ω
gd − N + 2
3Ω
ge. (33)
Thus single particle wave function in the ground state is φασ = e
−iµαt/h¯/
√
Ω, which is then substituted to Eq. (32).
Even though φα↑ = φα↑, their variations should still be considered respectively. Since we are considering a uniform
system, we may set
δφασ =
e−iµασt/h¯√
Ω
[uασ(q)e
i(q·r−ωt) − v∗ασ(q)e−i(q·r−ωt)], (34)
Then Eq. (32) yields
ωuασ =Wuασ − 2(N − 1)
3Ω
gαvασ
+[
N − 1
3Ω
gα − N + 2
3Ω
ge]uασ¯ − N − 1
3Ω
gαvασ¯
+[
N − 1
3Ω
gs − N + 2
3Ω
ge]uα¯σ − N − 1
3Ω
gsvα¯σ
+
2N + 1
3Ω
gduα¯σ¯ + [−2N + 1
3Ω
gd +
N + 2
3Ω
ge]vα¯σ¯
(35)
7and
ωvασ =
2(N − 1)
3Ω
gαuασ −Wvασ
+
N − 1
3Ω
gαuασ¯ + [−N − 1
3Ω
gα +
N + 2
3Ω
ge]vασ¯
+
N − 1
3Ω
gsuα¯σ + [−N − 1
3Ω
gs +
N + 2
3Ω
ge]vα¯σ
+[
2N + 1
3Ω
gd − N + 2
3Ω
ge]uα¯σ¯ − 2N + 1
3Ω
gdvα¯σ¯.
(36)
where
W = −µα + h¯
2q2
2mα
+
5(N − 1)
3Ω
gα +
N − 1
3Ω
gs +
2N + 1
3Ω
gd (37)
=
h¯2q2
2mα
+
2(N − 1)
3Ω
gα +
N + 2
3Ω
ge, (38)
where the second equality is a consequence of (33).
Therefore we have eight coupled equations, which can be written as a matrix
AU = ωU, (39)
where
U ≡ (ua↑, va↑, ua↓, va↓, ub↑, vb↑, ub↓, vb↓)T , (40)
the matrix elements of A can be read from Eqs.(35) and (36).
We obtain four pairs of eigenvalues ω = ±E(j)q /h¯ (j = 1, 2, 3, 4), E(j)q being the energy of the elementary excitations.
As usual, a positive eigenvalue ω corresponds to addition of a quasiparticle with momentum h¯q and removal of a
quasiparticle with zero-momentum, while a negative eigenvalue ω corresponds to removal of a quasiparticle with
momentum −h¯q and addition of a quasiparticle with zero-momentum.
E
(j)
q (j = 1, 2, 3, 4) can be obtained exactly. The first and second excitations are Bogoliubov-like gapless modes,
and can be written together as
E(j)q = {
Xa +Xb
2
± [(Xa −Xb
2
)2 +
4D
9Ω2
ǫaqǫ
b
q]
1
2 } 12 , (41)
where j = 1, 2 correspond to + and − in ± respectively, ǫαq = h¯2q2/2mα, Xα ≡ ǫαq [ǫαq + 2(N−1)Ω gα], D ≡ [(N + 2)ge −
(N − 1)gs − (2N + 1)gd]2. In terms of q,
E(j)q = h¯q{(
1
8m2a
+
1
8m2b
)h¯2q2+
N − 1
2Ω
(
ga
ma
+
gb
mb
)±[{( 1
8m2a
− 1
8m2b
)h¯2q2+
N − 1
2Ω
(
ga
ma
− gb
mb
)}2+ D
9Ω2mamb
]
1
2 } 12 , (42)
If ma = mb = m, then these two energy spectra reduce to
E(j)q = E
0
q [E
0
q + Γ
(j)]} 12 , (43)
where E0q = h¯
2q2/2m, Γ(j) ≡ (N − 1)(ga + gb)/Ω± {(N − 1)2(ga − gb)2 + 4D/9}1/2/Ω.
From (42), it can be seen that in the long wavelength limit q → 0, the excitation E(j)q (j = 1, 2) becomes linear
E(j)q → s(j)h¯q, (44)
with the sound velocity
s(j) = {N − 1
2Ω
(
ga
ma
+
gb
mb
)± [{N − 1
2Ω
(
ga
ma
− gb
mb
)}2 + D
9Ω2mamb
]
1
2 } 12 , (45)
The existence of E
(2)
q for q → 0 is subject to the condition (N − 1)2gagb ≥ D/9, or gagb ≥ (ge− gs− 2gd)2 for N ≫ 1.
In the short wavelength limit q →∞,
E(1)q → ǫaq , E(2)q → ǫbq, (46)
8that is, they reduce to single particle excitations.
The third and fourth excitations can be written as
E(j)q = [Zq ∓ (Z2q − Yq)
1
2 ]
1
2 , (47)
where j = 3, 4 correspond to − and + in ± respectively, Zq ≡ ǫaq [ǫaq/2+(N−1)ga/(3Ω)+2(N+2)ge/(3Ω)]+ ǫbq[ǫbq/2+
(N−1)gb/(3Ω)+2(N+2)ge/(3Ω)]+R, where R ≡ 2(N+2)ge[(N−1)(ga+gb−2gs)+2(2N+1)gd+2(N+2)ge]/(9Ω2),
Yq ≡ ǫaqǫbq(ǫaqǫbq + F ) + 4ǫaq(N + 2)ge{[(N − 1)gb + (N + 2)ge]ǫaq/(9Ω2) + 2C/3Ω}+ 4ǫbq(N + 2)ge{[(N − 1)ga + (N +
2)ge]ǫ
b
q/(9Ω
2) + 2C/3Ω}, where F ≡ 2[(N − 1)gb + 2(N + 2)ge]ǫaq/(3Ω) + 2[(N − 1)ga + 2(N + 2)ge]ǫbq/(3Ω) + 8(N +
2)2g2e/(9Ω
2) + 4C, with C ≡ {[(N + 2)ge + (N − 1)ga][(N + 2)ge + (N − 1)gb]− [(N − 1)gs − (2N + 1)gd]2}/(9Ω2).
It is then clear that as q → 0, Zq → R, Yq → 0, hence E(3)q is gapless while E(4)q is gapped with the gap E(4)q=0 =
√
2R,
under the condition R > 0, that is, (N−1)(ga+gb−2gs)+2(2N+1)gd+2(N+2)ge > 0, or ga+gb−2gs+4gd+2ge > 0
when N ≫ 1.
In the long wavelength limit q → 0,
E(3)q → s(3)h¯q, (48)
with the sound velocity
s(3) = [
2(N + 2)geC
3ΩR
(
1
ma
+
1
mb
)]
1
2 . (49)
E
(3)
q being gapless is subject to the condition C/R ≥ 0. When N ≫ 1, s(3) = [(ge+ ga)(ge+ gb)− (gs+2gd)2](1/ma+
1/mb)/[3(ga + gb − 2gs + 4gd + 2ge)Ω].
In the long wavelength limit q → 0,
E(4)q →
√
∆2 + c2h¯2q2 (50)
≈ ∆+ h¯
2q2
2meff
, (51)
where
∆ =
√
2R (52)
is the energy gap at q = 0, similar to the energy due to the rest mass of a relativistic particle,
c2 =
N − 1
3Ω
(
ga
ma
+
gb
mb
) +
2(N + 2)
3Ω
(
ge
ma
+
ge
mb
)(1− C
R
) (53)
is a constant similar to the square of the speed of light for a relativistic particle,
meff =
∆
c2
(54)
is the effective rest mass of the particle-like excitation near q = 0. Therefore, in the long wavelength limit, while the
three excitations E
(1)
q , E
(2)
q and E
(3)
q behave like massless particles, the fourth excitation E
(4)
q behaves like a massive
Klein-Gordon particle, under the condition R > 0 and c2 ≥ 0.
In the short wavelength limit q →∞,
E(3)q → ǫaq , E(4)q → ǫbq (55)
if ma ≥ mb. E(3)q → ǫbq, E(4)q → ǫaq if mb ≥ ma.
It is always the case that when q → ∞, the excitations reduce to the free particle spectra ǫaq and ǫbq, each being
double degenerate as there are two pseudospin states for each species. The effect of interspecies spin exchange is
manifested as q → 0, in both a nonzero sound velocity of the third excitation and the nonzero gap of the fourth
excitation.
9VI. NATURE OF SYMMETRY BREAKING
From the point of view of symmetry breaking, Bogoliubov modes are Goldstone modes associated with U(1) gauge
symmetry breaking. In our model, there are three conserved particle numbersNa, Nb andNa↑+Nb↑−Na↓−Nb↓ = 2Sz,
hence there are three U(1) symmetries, the breaking of which gives rise to the three Bogoliubov modes. U(1) group
is isomorphic to SO(2). Indeed, the U(1) symmetry generated by Na↑+Nb↑ −Na↓−Nb↓ is just the SO(2) symmetry
generated by Sz.
It is not difficult to identify E
(1)
q and E
(2)
q as the Goldstone modes associated Na and Nb, respectively. In fact,
they reduce to the spectra of a-atoms and b-atoms if there is no interspecies scattering. E
(3)
q is associated with
Na↑ + Nb↑ − Na↓ −Nb↓. It is interesting that at the long-wavelength limit, E(3)q depends only on the spin-exchange
scattering.
The gapped mode E
(4)
q is due to the spin exchange between the two species. In fact, the gap vanishes if ge = 0.
At the isotropic parameter point, the Hamiltonian can be rewritten as H = 2KeSa · Sb, where Sα is the total spin of
α-species. Hence
H = 2KeSaSb cos θ, (56)
where Sa = Na/2, Sb = Nb/2, θ is the angle between Sa and Sb. For the ground state, and θ is uniquely π. Around
θ = π, the Hamiltonian is
He = 2KeSaSb[−1 + (δθ)2], (57)
where δθ ≡ θ − π. Therefore δθ is massive. This leads to the gapped mode.
One can also consider this issue in terms of the phases Φασ of the four components. In the absence of the interspecies
spin-exchange part, He, of the Hamiltonian, Nασ would be conserved. Then the spontaneous breaking of these four
U(1) symmetries would give four phases Φασ’s, as well as four Goldstone modes, each corresponding to a combination
of the four phases. With interspecies spin exchange, the Hamiltonian imposes an extra constraint on these four phases,
as
H = 2Ke(na↑na↓nb↑nb↓)1/2 cos(Φa↑ +Φb↓ − Φa↓ − Φb↑), (58)
which fixes one combination of the four phases. By comparison of (56) and (58), it can be identified that
θ = Φa↑ +Φb↓ − Φa↓ − Φb↑. (59)
Around the minimum of He,
He = 2Ke(na↑na↓nb↑nb↓)1/2[−1 + (δΦ)2], (60)
where δΦ ≡ Φa↑ + Φb↓ − Φa↓ − Φb↑ − π. Hence the mode corresponding to δΦ becomes gapped. This gapped mode
corresponds to the source term Sασ in Eq. (12). Therefore there are only three Goldstone modes remained. The
gapped mode is due to the fluctuation of θ = Φa↑ +Φb↓ − Φa↓ − Φb↑.
In the number conserved ground state |G0〉, 〈a†↑a↑〉 = 〈a†↓a↓〉 = N/2, implying off-diagonal long-range order in
each pseudospin component of each species. Equivalently, in the language of gauge symmetry breaking, U(1) gauge
symmetry for each pseudospin component of each species is broken in the symmetry breaking ground state, i.e.
〈aασ〉 =
√
N/2eiΦασ 6= 0.
On the other hand, EBEC means 〈a↑b↓−a↓b↑〉 6= 0, as can be justified as follows. In the symmetry breaking ground
state, 〈a↑b↓ − a↓b↑〉 = (N/2){exp[i(Φa↑ + Φb↓)] − exp[i(Φa↓ + Φb↑)]}. As Φa↑ + Φb↓ − Φa↓ − Φb↑ = π in the ground
state, we have exp[i(Φa↑ + Φb↓)] = − exp[i(Φa↓ + Φb↑)]. Therefore 〈a↑b↓ − a↓b↑〉 = N exp[i(Φa↑ + Φb↓)]. Therefore,
differing from the case of molecular BEC, we have 〈aσ〉 6= 0, 〈bσ〉 6= 0, as well as 〈a↑b↓ − a↓b↑〉 6= 0, i.e. both atoms
and the nonlocal interspecies entangled pairs are Bose-condensed. These field theoretical discussions are all consistent
with the exact results in the particle-number conserved ground state above.
VII. SUMMARY
To summarize, we have studied condensate dynamics of EBEC, which exhibits peculiar superfluidity. EBEC
leads to various counter relations among the four superfluid components. The total supercurrent and the total
spin supercurrent are conserved. For the homogeneous case, we have also studied the elementary excitations due
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to fluctuations of the four orbital wave functions around those in the ground state of the system. There are four
modes, three of which are Bogoliubov-like while another is gapped. The three Bogoliubov modes correspond to the
spontaneous breaking of the U(1) symmetries associated with three conserved particle numbers, while the gapped
mode is associated with the spin exchange. Alternatively, the excitations can be understood as that the interspecies
spin exchange gives mass to a certain combination of the four Bogoliubov modes corresponding to the four components
of the system, hence there are only three gapless modes remaining.
The emergence of massless elementary excitations of superfluids have been regarded as a paradigm showing how
effective theory emerges from physics above the “Planckian” scale [14]. In this perspective, our model provides a way
generating massive Klein-Gordon particles.
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